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HILBERT-SCHMIDT GROUPS AS INFINITE-DIMENSIONAL LIE 
GROUPS AND THEIR RIEMANNIAN GEOMETRY 

MARIA GORDINA 



Abstract. We describe the exponential map from an infinite-dimensional Lie 
algebra to an infinite-dimensional group of operators on a Hilbert space. No- 
tions of differential geometry are introduced for these groups. In particular, 
the Ricci curvature, which is understood as the limit of the Ricci curvature 
of finite-dimensional groups, is calculated. We show that for some of these 
groups the Ricci curvature is -co. 
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1. Introduction 

The results of this article are inspired by our previous study of heat kernel mea- 
sures on infinite-dimensional Lie groups in [21], [53], [2S|, [23 ■ The main tool in 
these papers was the theory of stochastic differential equations in infinite dimen- 
sions. The present paper, however, is entirely non probabilistic. It is organized as 
follows: in Sections [21 and we discuss the exponential map for a certain class of 
infinite-dimensional groups, and in Sections and [H] we introduce notions of Ric- 
mannian geometry for Hilbert-Schmidt groups and compute the Ricci curvature for 
several examples. 
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1.1. Motivation: Wiener measures and geometry. In our previous papers 
we were concerned with a pair of infinite dimensional Lie groups, Gcm C Gw, 
related to each other in much the same way that the Cameron-Martin Hilbert 
space, Hi([0, 1]), is related to Wiener space, C*([0, 1]): it is well understood that 
the geometry of the Hilbert space -ffi([0, 1]) C C*([0, 1]) controls Wiener measure 
on C»([0, 1]), even though i?i([0, 1]) is a subspace of Wiener measure zero. In 
the papers [23] , E3 , [2E] ; [2Z] we constructed an analog of Wiener measure on an 
infinite dimensional group Gw as the "heat kernel" (evaluated at the identity of 
Gw) associated to the Laplacian on the dense subgroup Gcm- To this end one must 
choose an inner product on the Lie algebra, Qcm, of Gcm in order to introduce 
a left invariant Riemannian metric on Gcm- The Lie algebra Qcm determines a 
Laplacian, whose heat kernel measure actually lives on the larger group Gw- It can 
be shown that in general Gcm is a subgroup of measure zero. More features of this 
group have been discussed in [33], 120], [23- In these papers we constructed the 
heat kernel measure by probabilistic techniques. We used a stochastic differential 
equation based on an infinite dimensional Brownian motion in the tangent space at 
the identity of Gw whose covariance is determined by the inner product on Qcm- 

Just as in the case of the classical Cameron-Martin space, where the Sobolev 
norm on H\([Q, 1]) is much stronger than the supremum norm on C([0, 1]), so also 
the norm on Qcm must be much stronger than the natural norm on the tangent 
space at the identity of Gw m order for the heat kernel measure to live on Gw- 
If Gw is simply the additive group, C»([0, 1]), and Gcm is the additive group 
Hi([0, 1]), then this heat kernel construction reproduces the classical Wiener mea- 
sure. 

In this paper we address questions relating to the geometry of Gcm-, with a view 
toward eventual application to further understanding of the heat kernel measure 
on Gw- On a finite dimensional Riemannian manifold properties of the heat ker- 
nel measure are intimately related to the Ricci curvature of the manifold, and in 
particular to lower bounds on the Ricci curvature We are going to compute 
the Ricci curvature for several classes of infinite dimensional groups, in particular, 
for those groups Gcm whose heat kernel measure on Gw we have already proven 
the existence of in [23], [21], [2S|, [23- Our results show that the Ricci curvature is 
generally not bounded below, even in the cases when we were able to construct the 
heat kernel measure on Gw (e.g. for the group SOhs)- One of the implications 
of our results is that the methods used to prove quasi-invariance of the heat kernel 
measure in the finite-dimensional case are not applicable for the settings described 
in our earlier papers. We also compute the Ricci curvature of groups Gw- All these 
groups are Hilbert-Schmidt groups which are described below. 

1.2. Hilbert-Schmidt groups as Lie groups and their Riemannian geom- 
etry. Denote by HS the space of Hilbert-Schmidt operators on a real separable 
Hilbert space H. Let B(H) be the space of bounded operators on H, and let / be 
the identity operator. Denote by GL(H) the group of invertible elements of B(H). 
The general Hilbert-Schmidt group is GLhs = GL{H) n (HS + I). In the papers 
[23 , [2S] > [2H] , EH we proved the existence and some basic properties of the heat 
kernel measures on certain classical subgroups of GLhs, namely, SOhs and Spns- 
The Lie algebras of these groups are closed subspaces of HS in the Hilbert-Schmidt 
norm. In the setting described above GLhs, SOhs and Spns ar e examples of the 
group Gw- 
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But the corresponding Cameron-Martin subgroups are, of necessity, only dense 
subgroups of Gw- They are determined by their tangent space, Qcm, at the identity. 
In order to get the corresponding heat kernel measure to live on GLhs, SOhs or 
SpHSi respectively, the tangent space Qcm must be given a Hilbert norm | ■ | 
which is much stronger than the Hilbert-Schmidt norm. The result is that the 
commutator bracket of operators may not be continuous in this norm. That is, 
\AB — BA\ ^ C|A||£?| may fail for any constant C as A and B run over gcM- 
Consequently qcm may not really be a Lie algebra. Rather, the commutator bracket 
may be only densely defined as a bilinear map into Qcm- In Section^Jwe will give a 
class of examples of groups contained in GLhs such that qcm is not closed under 
the commutator bracket and in this sense is not a Lie algebra. But in most of the 
examples we consider this is not the case. 

In this paper we are going first to address the problem of the relation of the 
tangent space, Ti(Gcm), to the Lie algebra structure of some dense subspace of 
Ti(Gcm)- As in the case of classical Wiener space, where polygonal paths play 
a central technical role in the work of Cameron and Martin, so also it seems to 
be unavoidable, for the purposes of [21], [2H], |27| . to make use of a group 

G C Gcm which is in some sense dense in Gcm and which is itself a union of an 

oo 

increasing sequence of finite dimensional Lie groups: G = (J G n , G n C G? n +i. In 

Sections and 01 all of our groups will be taken to be subgroups of GL(H) rather 
than GLhs- Then the Lie algebra of G n , g n , is a finite dimensional subspace of 

oo 

B(H), and is closed under the commutator bracket. Let g = 1J g n . Then g is a 

also a Lie algebra under the commutator bracket. But g cannot be complete in any 
norm in the infinite dimensional case. 

Our goal in Sections[21and[3]is to study the completion, g^, of g in some (strong) 
Hilbert norm. In these sections we will assume that the completion g^ actually 
embeds into B(H) and that the commutator bracket is continuous in this norm. 
We will characterize the group, Gcm, generated by exp(g oc ) in this case, and show 
that the exponential map covers a neighborhood of the identity. These groups are 
examples of so called Baker-Campbell-Hausdorff Lie groups (e.g. [201; |22| . 
[5U| . |55| - BH|, [S3, [SHI)- Let us mention here that the question of whether the 
exponential map is a local diffeomorphism into an infinite-dimensional Lie group 
has a long history. Our treatment is different in two major aspects. The first one is 
the choice of an inner product on g and corresponding norm on g. As we mentioned 
earlier the heat kernel analysis on GLhs forces us to choose an inner product on 
g which is different from the Hilbert-Schmidt inner product. We will assume that 
the commutator bracket is continuous on g^ in the extended norm | • |, namely, 
^ C|x||y|, where the constant C is not necessarily 2. In most results on 
Banach-Lie groups this constant is assumed to be 2 (e.g. 0], [S]). Quite often the 
underlying assumption is that g is a Banach algebra, and that g is complete. None 
of these is assumed in our case since we wish to deal with examples without these 
restrictions. 

In Sections [5] and [S] we will compute the Ricci curvature in two major cases: 
when the norm on g is the Hilbert-Schmidt norm, and when it strongly dominates 
the Hilbert-Schmidt norm. Then we will examine how the lower bound of the Ricci 
curvature depends on the choice of the strong Hilbert norm. We will extend Milnor's 
definitions of curvature on Lie groups |39| to our infinite dimensional context for 
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this purpose. Our results show that the Ricci curvature is generally not bounded 
below, and in some cases is identically minus infinity. 

1.3. Historical comments. We give references to the following mathematical lit- 
erature addressing different features of infinite-dimensional Lie groups and expo- 
nential maps. Our list is certainly not complete, since the subject has been studied 
for many years. There are several reviews on the subject (e.g. El, EHJ, |40| . |4fi| . 

Possible non-existence of an exponential map is addressed in EH], EH], |47| . 
Super Lie algebras of super Lie groups have been studied in E] Direct and 
inductive limits of finite-dimensional groups and their Lie group structures have 
been discussed in [T], EH, E3> E2, E2> 031, El, E3 Our main tool in proving 
that the exponential map is a local diffeomorphism is the Baker-Campbell-Dynkin- 
Hausdorff formula. Note that in the terminology of Banach-Lie groups it means 
that we prove that the groups we consider are Baker-Campbell-Hausdorff Lie groups 
(e.g. EH], EU, E2, EH, EH, ESI, E3, EH)- Some of these articles also address 
the issue of completeness of the space over which a Lie group is modeled. We show 
that under Completeness Assumption 12 . II and Assumption ^, li the Cameron-Martin 
group Gcm is complete in the metric induced by the inner product on g. In ad- 
dition, in Section^ we show that a natural completion of the infinite-dimensional 
Lie algebra g is not a Lie algebra in general without these assumptions. 

One of the main contributors to the field of connections between differential 
geometry and stochastic analysis is P. Malliavin, who wrote a survey on the subject 
in EZj. A book on stochastic analysis on manifolds has been written by E.Hsu |28j . 
In conclusion we refer to works of B. Driver, S. Fang, D. Freed, E. Hsu, D. Stroock, 
I. Shigekawa, T. Wurzbacher et al dealing with infinite-dimensional Riemannian 
geometry and its applications to stochastic analysis (E], El, [Zj, El, El, ED], EH, 

US, d, G2, PI, UBI, 123, EH, ED, E3, EH], E2, E3I, El, EH, EH)- They 

mostly concern loop groups, path spaces, their central extensions etc. In these cases 
the Riemannian geometry on the infinite-dimensional manifold is induced by the 
geometry of the space in which the loops or paths lie. The situation we consider is 
quite different. 

Acknowledgment. I thank B. Driver and P. Malliavin who asked me about 
the Ricci curvature of the Hilbcrt-Schmidt groups, and especially B. Driver who 
suggested to use J. Milnor's \3l|J results for finite-dimensional Lie groups. Sectional 
benefited greatly from my discussions with A.Teplyaev about the exponential map. 
Finally, I am very grateful to L. Gross for carefully reading the manuscript and 
suggesting significant improvements to the text. 

2. Completeness Assumption and the definition of the 
Cameron-Martin group 

In this section we study a Lie group associated with an infinite-dimensional 
Lie algebra. The results of this section are not restricted to the Hilbcrt-Schmidt 
operators. We begin with an informal description of the setting. Let g be a Lie 
subalgebra of B(H), the space of bounded linear operators on a separable Hilbert 
space H. The group under consideration is a subgroup of GL{H), the group of 
invertible elements of B(H). The space B(H) is the natural (infinite-dimensional) 
Lie algebra of GL(H) with the operator commutator as the Lie bracket. 

We assume that g is equipped with a Hermitian inner product (•,•), an d the 
corresponding norm is denoted by | • |. In an infinite-dimensional setting g might 
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not be complete. We will always work with the situation when g has a completion 
which is a subspace of B(H). But as we will see in Section 0J the most natural 
candidate for such a completion of 9 might not be closed under taking the Lie 
bracket. Similarly, when we look at the Lie group corresponding to the infinite- 
dimensional Lie algebra g, it might not be complete in the metric induced by the 
inner product on the Lie algebra. 

The infinite-dimensional Lie algebra g is described by finite-dimensional approx- 
imations. Let Gi C G2 C ... C G n C ... C B(H) be a sequence of connected 

finite-dimensional Lie subgroups of GL{H). Denote by g„ C B(H) their Lie alge- 

00 

bras. We will consider the Lie algebra g = [J g„. 

n=l 

Assumption 2.1 (Completeness Assumption). Throughout this section we assume 
that there is a subspace g^o of B(H) such that the Lie algebra g is contained in g^ 
and the given inner product (•, ■) on g extends to q^, which is complete with respect 
to this inner product. We will abuse notation by using (•,•) to denote the extended 
inner product on g^ and by | • | the corresponding norm. We also assume that g is 
dense in g^ in the norm \ ■ \ . 

We will discuss this assumption in more detail in Section 0] in the case of the 
Hilbert-Schmidt groups. In particular, we will show that g^ is not a Lie algebra 
in some cases of particular interest. 

Notation 2.2. Let C CM denote the space of paths g : [0, 1] — > GL(H) such that 

(1) g(s) is continuous in the operator norm, 

(2) g = exists in B(H) equipped with the operator norm, 

(3) g is piecewise continuous in the operator norm, 

(4) g' = g~ x g is in goo, and g' is piecewise continuous in the norm | • |. 

Let 



d(y,z) = hif{ J \g^ X g\ ds}, 




where g runs over Cq M with g(0) — y,g(l) — z. We set d(y, z) = 00 if there is no 
such path g. Note that d depends on the norm \ ■ \ on g. 

Notation 2.3. G C m = {x <E B(H) : d(x,L) < 00}. 

Proposition 2.4. Gcm is a group, and d is a left-invariant metric on Gqm- 

Proof. The proof for the first part is the same as for any finite-dimensional Lie 
group. In particular, if / : [0,1] -> G C m,/(0) = x,f(l) = y, x,y G G C m, then 

h(s) — y~ 1 f(s) is a curve connecting y~ 1 x and /, and h~ 1 h = f^ 1 f . Therefore 
d(y~ 1 x,I) = d(x,y), thus y~ 1 x G Gcm- □ 
Definition 2.5. Gcm is called the Cameron- Martin group. 

3. The Cameron-Martin group and the exponential map 

Assumption 3.1 (Continuity Assumption on the Lie bracket). Throughout this 
section we assume that Qoo is closed under taking the commutator bracket, and that 
the commutator bracket is continuous on Qoo, that is, there is C > such that 
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\[x,y]\^C\x\\y\ 

for all x,y e 2oo- 

Remark 3.2. Assumption 13 . 1 1 is satisfied for any Banach algebra with C = 2. In 
particular, it holds for the operator norm || • || and the Hilbert-Schmidt norm | • \hs> 
but these are not the norms we are going to consider. The necessity to use the 
space goo with the norm | • | is dictated by the needs of the heat kernel measure 
construction carried out in 125], |27|. 

Remark 3.3. Assumption 13.11 implies that the operator ad/i is bounded on g M , 
namely, || a,dh\\ ^ C\h\ where the constant C is as in Assumption 13. II 

Theorem 3.4. If Assumvtion \^T\ is satisfied, then the exponential map is a dif- 
feomorphism from a neighborhood of in goo onto a neighborhood of I in Gcm- 

As before let G\ C G 2 C ... C G n C ... C B(H) be a sequence of connected 
finite-dimensional Lie subgroups of GL(H). 

oo 

Theorem 3.5. Suppose Assumption ]^} holds. Then the group Goq — l^J G n is 

71=1 

dense in Gcm in the metric d, and the Cameron-Martin group Gcm is complete 
in the metric d. 

In order to prove the surjectivity of the exponential map onto a neighborhood 
of the identity in the Cameron-Martin group Gcm, it is necessary to prove that, 
for example, if x and y are small (in the norm | • |) elements of g^, then e x e v = e z 
for some element z in . This makes it unavoidable to use some version of the 
Baker-Campbell-Dynkin-Hausdorff (BCDH) formula (e.g. Q3], (15]). 

We begin by proving several preliminary results. Most of these lemmas were 
first proven in a somewhat different form in |25|. We give brief proofs here to 
make the exposition complete. Lemma 13.81 and Proposition 13.71 are interesting 
in themselves. They show, with the help of the BCDH formula, that log has a 
derivative with values in goo. The standard integral formula for the logarithm 
log(J + x) — J Q x(I + sx)~ 1 ds, although more useful in many contexts, does not 
easily yield values in goo- 

Notation 3.6. Let g E C CM be such that \\g(t) — I\\ < 1 for any t € [0, 1]. Define 
the logarithm of g by 

h(t) = \ogg(t) = [ -^(9(t) - IT- 

n=l 

Proposition 3.7. [The derivative of log as a series] Let A(t) = g(t) _1 g(t), and 
for any x G goo define 

oo P 

(3.1) F(x, t) = A(t) + hp, A(t)} - 2 (p + 2)p! [ - [[:C ' 

Then the series converges in goo • 
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Proof. Indeed, by Assumption l3.il 



| F( ,, i)KWO i + £MJiffi + £ ; 



1 



\A(t)\ 



-2(p + 2)p! 
C\x\\A(t)\ 



.[[x,A(t)],x],...,x] 



. u ^Cp +1 \x\p +1 



where C is the same constant as in Assumption l3.l| In particular, this means that 
F(x, t) £ goo for any x £ and any ^ t ^ 1. □ 

Lemma 3.8. [The derivative of log] Let g £ Cq M , h = logg, then 

(3.2) h(t) = F(h,t), 
where F(x,t) is defined by Equation l|3.1|l . 

Proof. Indeed, h(t + s) = \ogg(t + s) = logig^git)- 1 g(t + s)). Let 

f(t,s)=log(g(t)- 1 g(t + s)). 

Then h(t + s) = log(e h ^e f ^) = BCDH(h(t), f(t, s)), where BCDH(x,y) is 
given by the Baker-Campbell-Dynkin-Hausdorff formula for x,y £ q 

(3.3) BCDH(x,y) = log(expa;exp y) = 



EE 

m Pi,qi 



(-1) 



m — 1 



[x,x], ...,x],y], ...,y], ...,y], ...y] 



p 1 lq 1 \...p m lq m \ 



Note that 



df(t,s) f(t,s + e)-f(t,s) 
= lim 



E 



ds e^O 
(_l)n-X 



+ *) " I) k - 1 9(t)- 1 9{t + s) (g(t)- l g{t + s)-l) 



k=l 



and therefore 



<*/(*, g) 
ds 



| s =o =ff(t)- 1 3 = ^). 
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Note that f(t, 0) = 0, and therefore 

h( t ) = hm k{t + S) ~ k{t) = lim BCDH ( h (t),f(t,s))-h(t) 

s^O S s^O .3 



A(t) + l[h(t),A(t)] + ±\ s =oYl 



-l) 1 [...[[h(t)f(s,t)},h(t)],...,h(t)} 



2(p + 2) 



l!l!p!0! 



-, oo ^ X ^ 

A{t) + -[h(t),A(t)} 2(p + 2)pl i-i[h(t),A(t)],h(t)}, h(t)] 

□ 

Denote by d n the distance metric on G n corresponding to the norm | ■ | re- 
stricted to the Lie algebra g n , and define the metric doo = inf „ d n . As before let 

oo 

Goo = U Gn- Then G oo is a group contained in the Cameron-Martin group Gqm- 

n=l 

Moreover, for any x, y £ Goo we have d(x, y) ^ doo(x, y). 

Lemma 3.9. Let < L < In2/2C, where C is the same constant as in Assumption 
Then there is a positive constant M such that 

\d(L,e x )-\x\\^M\x\ 2 , 
\doo(I,e x )- \x\\^M\x\ 2 . 
for any i£g provided \x\ < L. 

Proof. First of all, the proof is the same for the metrics d and d n with the same 
constants. We will show how to prove the estimate for the metric d. Joining I to 
e x by the path s i— ► e sx , ^ s ^ 1, we see that 



d(I,e x )-\x\^ / \e~ sx e sx \ds- \x\ = 0. 
Jo 

Now let g(s) and h(s) = log g(s) be as in Notation 13.61 As before, let A(s) 
g~ 1 (s)g(s), and therefore 

(-&dh) k {fi) 



A(s)=g-\s)g(s) = Y,- 



k=0 



(k + iy. 



= h- [h, h] 



[h,[h,h\] [h,[h,[h,h]]] 



2! 



3! 



Then by Remark 13.31 for any smooth path g(s) from / to e x 



s: \x\-d(I,e x ) 



h(s)ds 



h(s)ds 



\g 1 (s)g(s)\ds ^ 



g 1 (s)g(s)ds 



H s ) - 9 1 {s)g(s)ds 



(I 



1 oo 

E 



(~adh) k (h) 



ds 



\h(s)\ k \h(s)\ds, 



iot[ (k + iy. 

where the constant C is the same as in Assumption 13. ll In particular, if h(s) 
sx. ^ s ^ 1, we have 
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00 r>fe|„ife+i r 1 v r<kTk 



,.„(* + UK* + 1) 



Thus we can take 

C k L k- 



M = J2 



,^ (fc + l)!(fc + l) 

Note that the above proof would go through for d n , where n is such that x £ g n . 
Thus the statement of Lemma 13.101 holds for d replaced by doo with the same 
constant M. □ 

Corollary 3.10. By choosing h(s) — sy + (1 — s)x for ^ s ^ 1 in the above proof 
we have that 

\d(e x ,ey)-\x-y\\^M\x-y\ 2 , 
\d OQ (e x ,ey)-\x-y\\^M\x-y\ 2 . 
for any x, y S provided \x\ < L and \y\ < L. 
Lemma 3.11. Let g £ Cq M . Suppose that 

5 (0)=7, HsO) - I|| < 1 for any t G [0, 1] and |log 5 (l)|<£, 

where L is the same as in Corollarv VS.llA Then there is a sequence g n £ G„ such 
that lim d(g n , g(l)) = 0. 

n — >oo 

Proof. As before let h(s) — \ogg(s). Note that by Proposition 13.71 hit] £ goo. 
Therefore there are h n £ g„ such that \h(l) — h n \ > 0. Let g n = e By 

n — >oo 

Corollary 13 . 1 01 we have 

d(e h ^,g n ) «C C 2 |h(l) - K\ ► 0. 

By a direct calculation we have e h ® = g(t). □ 
Proposition 3.12. Suvvose Assumvtion \y.l\ holds, then 

d(x,y) = dooix.y) 

for any x, y £ Goo. 

Proof. Both metrics d and doo are left-invariant on Goo, therefore we can assume 
that x = I. As we pointed out earlier, for any y £ Goo we have d{I,y) ^ doc(I,y). 
Therefore we only need to prove that doo (I, y) ^ d(I, y) for any y £ Goo • 

Denote d(I, y) = D. For any e' > there is a path g(s) £ Cqm sucn that 
,g(0) =I,g(l) =y and 

£>< / l.9 _1 (s)ff(a) |ds < D + e'. 
Jo 

Denote e = J* \g^ 1 (s)g(s)\ds — D. Let m > l,m € N. There exist tfc, = fo < ti < 
...t m _i < i m = 1, k = 0, 1, m such that 
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tfc+i _ D + £ 



9 1 {s)g{s)\ds = and | logy fc i y k \ < L, 

where y k — g(t k ) and L < min{ln 2/2C, 1/M}. Note that in general y k is in the 
Cameron-Martin group Gcm, not in the group Goo- By Lemma [3.111 there exist 
x k e Goo such that d(y k ,x k ) < e/m. By applying Corollary 13.101 twice we have 
that 



doc(x k ,x k+1 ) < | loga^Zfcl + M| logx feH 1 ; 1 2: fe | 2 

d(x k ,x k+1 ) + 2M\ logx^Xkl 2 ^ d(x k ,x k+1 ) + 2M\ logy^y^ 2 . 
Corollary 13 . 1 01 also implies that 

D + £ 

\\°gy k liVk\ ~ M\\ogy^l lVk \ 2 ^d(y k ,y k+ i) ^ — — — , 
and since L < 1/M 

D + e 



I log Z/fc+iJ/fcl 



D + e'" 2 



m(l - ML) 
Thus 



doofafciSfc+i) < d(x fc ,a;fc + i) + 2M I — — ] ^ 



d{x k ,y k ) + d(y k ,y k+ i) + d(y k+ i,x k+ i) + 2M 

\ m J 

%,ft+i +-+2M < + — + 2M 

m \ m J mm \ m 

Finally, 

<M-f,y)<m + — + 2M = D + 3e + i '—. 

\ m m \ m J I m 

Recall that D — d(I,y), and e and m are arbitrary. □ 

Theorem 13.41 now is a direct consequence of Lemma 13.81 and Lemma 13.101 which 
imply that the exponential and logarithmic functions are well-defined and differen- 
tiable in neighborhoods of the identity and zero respectively. 

Proof of Theorem 1.9. .51 First of all, Goo C Gcm since G„ C Gcm for all n. 

Let g S Goo, k s Gcm, and suppose we have a path 17(f) : [0, 1] — > GcM,g(t) € 
Ccmj5(0) = 5:5(1) = Without a loss of generality we can assume that ||<7(i) — 
g|| < 1, d(log k, log g) < L, where L is the same as in Lemma 13.101 Otherwise 
the path log g(t) can be divided into a finite number of subpaths satisfying the 
condition. Lemma 13.111 implies that for any e > there is m € Goo such that 
d(m, g _1 k) < e. Then 

d(m,g~k) — d(gm,k) < e. 
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Note that gm £ Goo, and therefore we have shown that elements of Gcm can be 
approximated by elements of Goo ■ D 

4. Is goo a Lie algebra? 

As in the previous section, let H be a separable Hilbert space, B(H) be the 
space of bounded operators on H, and / be the identity operator. Here we restrict 
ourselves to the case of the Hilbert-Schmidt groups. By HS we denote the space 
of Hilbert-Schmidt operators on H . The space HS is equipped with the Hilbert- 
Schmidt inner product (•, -)hs- Let GL(H) be the group of invertible elements of 
B(H). Then a Hilbert-Schmidt group is a closed subgroup of GL{H) such that 
A — I £ HS for any A £ G. Note that the set {A € GL{H) : A — I £ HS} is a 
group. 

In Section we considered a sequence of finite-dimensional groups G n . Suppose 
now that in addition G n C I + HS. Then their Lie algebras satisfy g n C HS. As 

oo 

before we assume that the infinite-dimensional Lie algebra g = [J g n is equipped 

n=l 

with a Hermitian inner product (•, •), and the corresponding norm is denoted by | • |. 
Throughout this section we assume the following modified version of Assumption 

o 

Assumption 4.1 (Hilbert-Schmidt Completeness Assumption). There is a sub- 
space goo of HS such that the Lie algebra g is contained in goo and the given inner 
product (•, •) on g extends to goo, which is complete with respect to this inner prod- 
uct. As before we will abuse notation by using (•,•) to denote the extended inner 
product on 0oo cmd by \ ■ \ the corresponding norm. We assume that g is dense in 
0oo in the norm \ ■ \ . 

Remark 4.2. In our earlier papers we assumed that (•, -) floc is given by (x, y) Bao — 
(x, Q~ 1 y)iiS, where Q is a one-to-one nonnegative trace class operator on HS for 
which each g n is an invariant subspace. The assumption that Q is trace-class assures 
that the heat kernel measure constructed in our previous work ([23' Gs3j GSJ- EZJ) 
actually lives in HS + I. In the present paper we do not assume that Q is trace-class 
unless it is stated explicitly. Moreover, we do not use the operator Q, but rather 
describe the assumptions on Q in terms of an orthonormal basis of goo- 

In the next statement we use the fact that we can view an element of HS as an 
infinite matrix A — {t%}°° =1 such that the sum y\ . \aij\ 2 is finite. Then e^, the 
matrices with 1 at the ij'th place and at all other places, form an orthonormal 
basis of HS with the inner product (•, ^hs- Let us describe an example of the 
setting introduced above. Namely, let fjoo be the vector space generated by the 
orthonormal basis = Ay-ey, (i, j) S A C N x N for some > 0. Then the inner 
product on goo is determined by (£y , £km) g x = {eij,e km )HS- It turns out that floo 
might not be a Lie algebra. 

Proposition 4.3. There exists a sequence of positive numbers A^ such that goo is 
not a Lie algebra. 

Proof. Let A<y = Xji for any and x, y € g^ be such that 



= E 

1=0 



3fz(^3/+l,3i+2 — £3Z+2,3Z+l)i V 



E 



3/+l,3Z+3 



£,3l+3.3l + l) 



12 



MARIA GORDINA 



Then 

[ x iV] — E x lVn[^,3l+l,3l+2 ~ C3!+2,3i+lj^3n+l,3n+3 — ^3n+3,3n+l] 
/ . n 

E^3Z+l,3/+2A3;+l,3/+3 , , 
x lDl " {C,3l+2,3l+3 - ?3i+3,3i+2j- 



A3i+2,3i+3 



Thus 



x, 



\ 2 \ 2 

i2 _ 2 2 A 3;+l,3;+2 /V 3/+l,3J+3 



E^ 2 



\2 

^31+2,31+3 



Let xi = yi = A 3 i + i i3 ; + 2 = A 3 ; + i )3i+3 = at and A 3 / +2 ,3/+3 = h, where a; and 



bi are £ 2 -sequences. Then |[a;,2/]| 2 = X)z a f 2 = oo if, for example, a; = 1/Z and 



h = l/l\ 

□ 

The next result shows that there exist inner products such that Continuity As- 
sumption on t ne Lie bracket is satisfied. 

Theorem 4.4. Suppose \i j — XiXj, i,j € N, then for any x,y € 

|[x, 2 /]K2supA 2 \x\\y\. 

i 

Proof. Let x = Y%j=i x i,j^j and V = Eft°m=i Vk, m £,k m - Then 
and therefore 



\ x v\ 2 = ( J2 x ^yj\m *' J J,m 

2 



□ 



Corollary 4.5. J/ Aij = i,j € N, and {Ai}"^ € ^ p /or any p > 0, then 

Assumption lff.il on the Lie bracket is satisfied. In particular, if p = 2, then the 
operator Q mentioned in Remark\4-S\ is trace-class. 



5. RlEMANNIAN GEOMETRY OF THE HlLBERT-SCHMIDT GROUPS: DEFINITIONS 

AND PRELIMINARIES 

The goal of the next two sections is to see if there exists a natural Lie algebra 
for Gcm and an inner product on it such that the Ricci curvature is bounded from 
below. The first obstacle in answering such a question is the absence of geometric 
definitions. We chose to follow the work of J. Milnor for finite-dimensional Lie 
groups in 2H| . There he described the Riemannian geometry of a Lie group with a 
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Riemannian metric invariant under left translation. One of his aims was to see how 
the choice of an orthonormal basis of the (finite-dimensional) Lie algebra deter- 
mines the curvature properties of the corresponding Lie group. This is exactly the 
question we study, but in infinite dimensions: how the choice of the inner product 
on g changes the Riemannian geometry of the group Gcm- We consider general 
norms on g which are diagonal in a certain sense. This allows us to compute the 
Ricci curvature in two important cases: the first case is when the norm on g is 
the Hilbert-Schmidt norm, and the second one is when the norm on g is deter- 
mined by a nonnegative trace class operator on H S. The latter assumption assures 
that the corresponding heat kernel measure constructed in our previous work (|23|, 
|25| . |26| . |27| ) actually lives in HS + I. We use finite-dimensional approximations 
to g to define the sectional and Ricci curvatures. Our results show that for the 
general, orthogonal and upper triangular Hilbert-Schmidt algebras the Ricci cur- 
vature generally is not bounded from below. Moreover, for the upper triangular 
Hilbert-Schmidt algebra the Ricci curvature is identically minus infinity. 

Let g be a infinite-dimensional Lie algebra equipped with an inner product (•,•). 
We assume that g is complete. By Theorem 14.41 this is the case for all examples we 
consider later in this Section. 

Definition 5.1. The Levi-Civita connection V x is defined by 

(y x y,z) = ^(([x,y],z) - ([y,z],x) + ([z,x],y)) 

for any x, y, z G g. 

Definition 5.2. (1) The Riemannian curvature tensor R is defined by 
Rx V = V^,,,] - V x V y + VyVa, x,y€Q. 

(2) For any orthogonal x, y in g 

K(x,y) = {R xy (x),y) 

is called the sectional curvature. 

(3) Let be an orthonormal basis of g, N be finite, then 

N N 

R N (x) =^K{x,& = J2( R *tM^i) 

i=l i=l 

is the truncated Ricci curvature. 

(4) Let N be finite, then 

N 
i=l 

is the truncated self-adjoint Ricci curvature or transformation. 

The self-adjoint Ricci transformation is a convenient computational tool. First 
of all, 

R N ( X ) = (R N ( x ),x). 

Then if {£i}f"" B is an orthonormal basis which diagonalizes R, that is, R N (£,i) = 
di£i, then 
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N dimQ 

R N (x) = ajXj, x = ^2 Xi£i. 
j=i i=i 

The numbers are called the principal Ricci curvatures. 

As in Section 01 let {ey}fj_j be the standard basis of the space of Hilbert- 
Schmidt operators HS. The Lie bracket for these basis elements can be written 
as 

where Si n is Kronecker's symbol. As before, we study a subspace Qoo of HS gener- 
ated by an orthonormal basis = A-jA^e^ for some A, > 0, G A C N x N. 

6. Ricci curvature 

The main results of this section are Theorems 16.11 16.81 and I6.1UI For the skew- 
symmetric and triangular infinite matrices, the orthonormal basis we use actually 
diagonalizes the truncated self-adjoint Ricci curvature. Then the results of this 
section show that if we define the Ricci curvature as the limit of the truncated Ricci 
curvature as the dimension goes to oo, it is not bounded from below. Moreover, for 
the upper triangular matrices the Ricci curvature is identically negative infinity. 

6.1. General Hilbert-Schmidt algebra. Let {Xi}°Z 1 be a bounded sequence 
of strictly positive numbers. In this section we consider the infinite dimensional 
Lie algebra fjoo generated by the orthonormal basis = XiXjdj. Then Qoo is a 
Lie subalgebra of gins- Recall that if the sequence {Xi}°Z 1 is bounded, then by 
Theorem 14. 41 Continuity Assumption 13 . 1 1 is satisfied for the corresponding norm on 

0OO- 

Theorem 6.1. (1) Let N > maxi, j. then the truncated Ricci curvature is 

1 N 

R$ = R N &i) = |(6^Af - AS^XfN - 2XtN - 2X*N + 2 £ A^J. 

m — 1 

(2) Suppose that {A,}^ S I 2 . Then 

1 N 

lim R N fa) = - lim (-XfN - X*N + ]T Xf n ) = -oo, 

rn—1 

1 N 
lim R N (tu) = - lim (3A| - 4XfN + £ A 4 m ) = -co. 

N— >oo Z N—>oo * — 4 

rn—1 

(3) For the Hilbert-Schmidt inner product, the truncated Ricci curvature is 
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This theorem is a direct consequence of the following results. First of all, note 
that the Lie bracket can be written 

[£ij?£fcm] &j,k^j£,im ^i.m^i^kj: 

where 5i. n is Kronecker's symbol. Denote V a t = V^ a6 , then 
Lemma 6.2. 

^ab£,cd = -{5b,c^b£,ad ~ 8 a ,d\ 2 a £,cb ~ 5 a ,c^d£,db + Sf,,d^ac + &b,d^ a £,ca - Sa.c^bZbd) 

Proof. 

(V b£cd,£e/) = 2 (([£<»&) £cd],£e/) ~ ([£cd, £e/] , £ab) + ([£e/, £ab], £cd)) = 

^(^xA^Cad,^/) - <5a,dA a (£ c 6,£e/) - 5 d . e \ 2 d (£ c f , £ a b) 
+ < WAc(£ed,£a&) + £/,aAj(£ e 6,£cd) - ^e,6 Ag (£ a / , £ c( j)) = 
2(^6,c^e,a^/,c/Ab - ^a.d^e.c^/.fcA^ - ^a.c^e.d^/.feA^ 

+ Sb,d5 eta 5f tC \l + 5b,d5e,c5fM^ a _ & a , C 5 f e ,b A^ ) . 

□ 

Lemma 6.3. 

Rij 7 km£,ij — 

+ 2Si,kSj,m^i^'j£ji + S^fc^mA^Aj^jj 

— l5i,mAj A^jfe — 25i_j5i_ m \ 2 Afc£ifc + <5i,roA^£fci — 25i_j5i^ m Xl^ki 

— 8j,m^j^k€jk + Sj^m^iCkj + 5j,m^k£,kj — ^j,m^j^kj + Sj,k^j£jm — ^j,k^j ^m£mj) 

Proof. The Riemannian curvature tensor applied to is 

RSij£km£ij = Rij,km£,ij — ,£fc m ]£ij — VyVfc m (jj + VtaVy^j = 

dj.k^j^im^ij ^i,mAj " kj^ij ^ij^km£,ij ~t~ ^km^ij^ij 

2 ^j,fc Aj (<5i,m Aj <5jjAj^ m — Aj^j m A m £ TO j + 2<5 m jAj^i) 

— 2^> TO ^i (Af^fej + A^ifc + dj,i^"j£,kj — fikj^kdj — 25i,k^j£jj) 

~ 2^ ij '(^,m^ ro 6j — $k,j^k£irn ~ Si,k^j£,jm + ^m,j\^ki + SmjX^ik — 5i t k A m £mj) 

+ 2^*!m(^i£« + A?^jj + SijX^ij — SijXf^ij — 2\?£jj) 

□ 
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Lemma 6.4. The sectional curvature is 

-^(6o'i,kO'i,mdj,kfij,m^i + 26 ik 5j^ m Xj + 2<5j,fc<5j, m A| — 25i^Si,m 'k,m^i 

+ 8i tTn Xj — 25ij5i, m \i ~~ 4<5^feAf + Si^X^ + 6i,fcAf„ — 25ijSi^Xf — 26j^Sj, m () m ,kXj 
Proof. 

^{35i,k5i,m5j, k 5j, m X 2 X 2 + 2Si^Sj. m \j + 28i^Sj. m Xj 

+ 2di > kfii,mfij,k8j,mXiX'* + 28i^i,m^j,k5j,mX^X 2 j + SSi^Si^mS j,k& j ,mX^ X 2 
— 5i,kO~i,m5k,m,X 2 X 2 . — 25ij5i y kSi,mfik,mXfXf, + <5i,mA^ — 28i_j5i t mXl 

— 45i ! fcA* + Si^Xj + Si,kXm — 2SijSi^Xf — Si^Si^mSm^kXfX^ — 2S i j5 i ^Si^ m 5 m ^X 2 X 2 n 

— o~j,k$j,m$k,m^ 2 jX\ + (5j, m Af + 8j^ m X\ — 4(5j :TO Aj : + Sj^Xj — 5j^8j. m 5 m ^kX 2 jX^ n ) = 
1 

I 1 

+ ^,mA, — 25 i j5i, m X i — 4<5^feA i + Si^Xj + 5i,kX m — 25ijSi^X i — 25j^8j^ m 5 m ^X : j 

+ fij,mXf + Sj tTn X k — 4<5j, m A| + Sj^kXj). 

□ 

6.2. Orthogonal Hilbert-Schmidt algebra. Note that by = (eij — eji)/^/2,i < 
j is an orthonormal basis for the space of skew-symmetric Hilbert-Schmidt oper- 
ators so hs- Let {Xi}°^ 1 be a bounded sequence of strictly positive numbers. In 
this section we consider the infinite dimensional Lie algebra goo generated by the 
orthonormal basis £y = XiXjbij. Recall that if the sequence {Xi}?i 1 is bounded, 
then by Theorem 14.41 Continuity Assumption 13 . l| is satisfied for the corresponding 
norm on goo. 

In what follows the convention is that £y = 0, if i ^ j. The Lie bracket for these 
basis elements can be written as 

£,km] — ~^{Sj,kX 2 £,im + <5j, m A^(£fci — £ifc) + Si,kX 2 (t; m j ~ £jm) _ <5i,mA^£fcj) 

We begin with several computational lemmas. 
Lemma 6.5. 



,m5j,k5 J , m X l + 2S lik Sj, m X l + 2S tik S Jtrn X :j — 2Si^S i 7 mO~k,m A^ 



^abS,cd — 



^/|(Ab4xCa,d + ^b,d(£,c,a ~ £a,c) + A^a,c(£d,fc — 6>,d) - A^ a ,,j£c,fc 

' X 2 d 5 a ^d,b — X 2 d (5b } c£,a,d — Sa,c£,b,d) ~ X 2 c {5b,d£,c,a ~ S a ,d^c,b) + X 2 5b,d£,a,c 
+ A a £(,,d£c,a + X 2 {5 aiC £ > d 1 b — fia,d£c,b) + ^a(^b,c^a,d ~ Sb,d^a,c) ~ ^b$a,c£b,d)- 
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Proof. 

(V a b£cd,£e/) = 

(((#6,cAb£ad + 5 b:d \l(^ ca - £ ac ) + 5 a ^ c X a (£,db - £bd) - S a ,dXl^cb), £ef) 



2V2 

- {5d,e>?dicf + 5 d ,f>? d {^ec - ice) + S c ,e>^{ifd ~ £df) ~ $cj>? c £ed, Cab) 
+ (#/,aAj£e6 + 8f,bXf(£ae ~ £ea) + ^e,a^t(ibf - £fb) - ^efi^af , t,cd)) = 

--(^b^a,eSb, c 8d,f + \lSb,d{5 c ,eSa,f ~ 8 a ,eSc,f) + X^a^Sd^bJ - 5d,fSb,e 



2V2 

— ^ a &a,d0'bj0'c,e — X d 8 a . c 8bjo'd,e — X d S d J (^a,e^b,c ~ ^a,ch,e) ~ A c 5 c ,e(^o,/^6,<j — $a,d8 b j) 
+ Xl6 a , e 5b,d5cJ + >^S a jSbMSc,e + ^b<>bjiSa,cO'e,d- Se,c<>a,d) + X 2 a 5 a ,e{&b,c&d,f ~ $cjSb,d) 

- XbS a ,cSb,eSd,f) 

□ 

Lemma 6.6. The Riemannian curvature tensor applied to is 

Rij,km£ij — g<^J,mA|(A^ — 3A^ + 3Afc)£fcJ + gO~i,k^i {— 3Xj + A^ + 3A^)£i !m 

- -5,, m A?(-A^ + A? - Xl)ik,i + g^*,m(-Ai + A| - A^)(A^ + A| - A^)£ fe ,« 
+ 4^',fe A j( A i ~ A j + A m)Ci:m + g^-,fe(-A- + A| + A^)(-A- - A^ + A^)^ iTO 
Proof. 



- ,) .,./. AfAji^,,, - ^£>j,fcAj£j, m + A : ;A^,i",.,,. 



2V2 

XfcO'kj'^ ijii.m XjSi : k^ ijij,m 
Xj {Si.m^ ijikj ^i,k^ ijim^j) A^ {&rn,j^ ij£,i,k $k,j^ ij£,i,m) ~t~ X^8 m jWijii^k 
+ Xf.S m jV ijii^k + A^ l (5, J feV ijCj,m ~~ SkJ^7ijii,m) 

□ 



Lemma 6.7. TTie sectional curvature is 
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U m A 2 (A 2 - 3A 2 + 3A 2 ) + -U fe A 2 (-3A 2 + A 2 + 3A^) 



+ ^, ro A 2 (A 2 - A? + A 2 ) + ^, m (-A 2 + A, 2 - AD(A 2 + A 2 - A 2 ) 

+ ^-, fe A 2 (A 2 - A 2 + \l) + i^ fe (-A 2 + A 2 + A^-A 2 - A 2 + \ 2 J 

The third part of the following theorem says that the principal Ricci curvatures 
for 50rs can tend to either oo or — oo as the dimension N — > oo depending on the 
choice of the scaling 

Theorem 6.8. Let N > maxi, j. Then 
(1) the truncated Ricci curvature is 



1 ~ m—N m—N 

R% = i(-4A 2 A 2 - 5(A 2 - A 2 ) 2 )iV + jj(A 2 + A 2 ) E A ™ + I E A - 

m— 1 m — 1 



(2) For the Hilbert- Schmidt inner product the truncated Ricci curvature is 

n ij 2 ' 

(3) The truncated self-adjoint Ricci curvature is diagonal in the basis {£,km}- 
Let {akm\ be its principal Ricci curvatures, that is, R (£km) — itm^m- 
Then if € £ 2 , the principal Ricci curvatures have the following 
asymptotics as N — > oo 

a/cm = A% m + y(2Afe - 3A 2 re )(A 2 l - A 2 ), 
where A^ m A < oo as N ^ oo. 
Proof. (1) 

k,m=N 

Rij = ^ ^ {Rij,km^ij i £,km) 
k,m— 1 

k=N 1 1 m=JV 

E g A ? (A? - 3A ? + 3A2fe) + ^XU-3X 2 N + X 2 N + 3j2 X m) 

k=l m=l 

+ ^A 2 (A 2 - A 2 + A|) + g(^A 2 + A 2 - A|)(A 2 + A 2 - Af) 

m=7V 



+ I^ fe A 2 (A 2 JV-A 2 AT+ £ A ™) 

m— 1 

m—N m—N 

-Sj, k ((Xl A 2 )(A 2 + A 2 )7V - 2A 2 E A r 2 „ + £ A^) = 

m— 1 m— 1 

~ m—N 1 m—N 

+ i(6A 2 A 2 - 5A| - 5A|)AT + |(A 2 + A 2 ) E A ™ + 7 E A - 



4 

m— 1 m— 1 
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(2) follows from (1). 

(3) Let k < m < N , then the truncated self-adjoint Ricci curvature is 



N j-1 

i<j^N j = l i=l 

k j — 1 m j — 1 N j — 1 

^ ^ ^ ^ R-ij.km^ij "i" ^ ^ ^ ^ Rij.km^ij H~ ^ ^ ^ ^ Rij.km£,i 
j — 1 i— 1 j=k+l i— 1 j=m+l i— 1 



Thus 



j=l i=l 

+ 2(5j, fe A^(A- - + A^)£j, m + 5j,k{~>H + rf + A TO )(-A- - A 2 + A^)^ >m 

m J — 1 A J — 1 

+ 

j— fc+1 i— 1 j=m+l i—l 



'fe-1 

E 2A *( A ? ~ A fc + A m) + + ^fe + ^m)( - ^? _ ^fc + ^m) 

m 

+ tfni^k ~ 3A^ + + E -^fc( _ 3A^ + A| + 3A^) 

j=fe+i 

m-l A 

+ E A^(A2-3A^ + 3A 2 fe )+ £ A|(-3A| + A^ + 3A^) 

AT 

+ E _2A m( _A j + _ Afe) + ( _A m + ~ ^fcX^m + ^ - A fc) £fc,r 
j'=m+l 



'fc-1 



E 2A fe(^ ~~ A fe + A m) + ( A ^ ~ A fc ~ A m)(^ + Afe _ \ 2 n) 
A m-l 

+ E A *( A ? - + 3A m ) + E A ™( A ' + 3A * 3A ») 



A 



l=k+l 

N 



E ~ 2A »™(~^ - A fe + A m) + - A fe - A m)(^ - A fe + A m) 



=m+l 



£fc,r 
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;[(k - 1)(3A 2 + Xl) - 3(m - 1)A 2 „(-A 2 + \* m ) 

+ (N- k)(\l(-3\t + 3A 2 J) + (N - m)(-A 2 - 3A 2 J(-A 2 + A 2 J 



fe-i 



N 



1 = 1 



^(2A 2 A 2 + Af-2A 2 i A 2 )+ £ A 2 A 2 

m-l AT 

+ E A ™ A ? + E A 2 (2A 2 l + A 2 -2A 2 )]6, 



i=m+l 



□ 



6.3. Upper triangular Hilbert-Schmidt algebra. As before let {A^}^ be a 
bounded sequence of strictly positive numbers. In this section we consider the infi- 
nite dimensional Lie algebra goo generated by the orthonormal basis £ij = XiXjeij, 
i < j. In this case goo is a Lie subalgebra of t)HS- Recall that if the sequence 
{Xi}°^ 1 is bounded, then by Theorem 14.41 Continuity Assumption 13. II is satisfied 
for the corresponding norm on g^. 
The Lie bracket is 

[£ij,£km] = Sj,krf£im - ^m^fe, i < j, ,k <m. 

Denote V a b = V{ aij , then as for the general algebra with the convention that £y = 
if i > j 



V ab£,cd — ^ (^bxA 2 ^ad — <5a,dA 2 £ c fc — <5 a , C A 2 £dh + <5fc,cAe£ae + 0~b,dX a £, C a ~ Sa.cXl^bd) ■ 

Lemma 6.9. The Riemannian curvature tensor applied to £y is 



3(5i jTn Aj^fci — "SSj^Xj^jr 



The sectional curvature is 



- (25i,kSj,m Xf + 25i^Sj. m Xj — 35 iym Xf — 3Sj^ Xlj +5i^ Xj + S i ^X^ tl + Sj jn X^ + Sj^X^) . 
Proof. The Riemannian curvature tensor applied to £ij is 
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'•'C. ,i, •• i\. — Rij.kmCij — 

2 ( — ^j,fc^jCim ~ fii,m^i£,ki) + J (+2$j 1 fe<5j )TO A^£jj + 28i^Sj^m^j£,ij 
~ Si^m^i^ki ~ ^j.k^'jS.jm + $i,k^'j£,im + ^i,k^tn^im + Sj,m^i£,kj + ^j,m^t^,kj) = 

^(S^fc^mAffy + 2<5j i fc<5j !m Aj£jj — 3(5i !m Af^fci — 3<5j : fcA|£j- m 



The third part of the following theorem says that the principal Ricci curvatures 
for \)hs tend to — oo as the dimension N — > oo. This can interpreted as the 
Ricci curvature being — oo. Note that the condition on the scaling {Xi}°Z 1 G i 2 
corresponds to the condition we assumed in [22], |2S], [2U, [27]. We needed this 
condition to construct a heat kernel measure living in HS + I. This means that 
such a measure exists even though the Ricci curvature is — oo. 

Theorem 6.10. Let N > maxi,j then 
(1) the truncated Ricci curvature is 



k,m=N 

R{j — ^ ^ (R-ij ,k7n£ij ) £,kjn) 
k 1 m=l 

±((4-3i + j)\j + (2 + 3j-i-2N)\* + jr Af + ][>f). 

i=i+i i=i 

For the Hilbert- Schmidt inner product the truncated Ricci curvature 

i$ = ~(5-5i + 5j-JV). 

(2) The truncated self-adjoint Ricci curvature is diagonal in the basis {£fc m }. 
Let {a^m} be its principal Ricci curvatures, that is, R N (£,km) — «t m 6m- 
Then if <E £ 2 , the principal Ricci curvatures have the following 

asymptotics as N — > oo 

a — ( R N N \Ap 
"fern — I -Dfcm 2 I ^ k ' m: 

where B^ m — » B^ m < oo as N — > oo. 

Proof. (1) follows directly from the previous lemmas. (2) Let k < m < N , then the 
truncated adjoint Ricci curvature is 
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N j-1 

R i^kra) — ^ ^ Rij,km^ij ^ ^ ^ ^ Rjj.kraCij 
i<j^N j = l i=l 

k j-1 m j-1 N j-1 

y ' y ' Rjj,kmS,ij ^ ' y ' Rjj.kmtjij + ^ ] ^ ' Rjj.kratjij ■ 
j—1 i— 1 2=1 j—ra+1 i—1 

(£fcm) — ^ ^ Rij,km£ij ^ ^ ^ ^ Rjj.kra^ij — 
i<j^N j = l i=l 

k j-1 m j-1 N j-1 

y ' ^ ] Rij,km£,ij + ^ ' ^ ' Rij.km^ij + ^ ' ^ ' Rij,km£,ij 
■ i=l i=l j—m-\-l i=l 

(-3fe + m + 4) 4 (2-fc-2JV + 3m) 4 1 ^ 4 1 ^ 4 

i=fc+l Z=l 

J^krn^km ^ A m^km- 

□ 

Corollary 6.11. Suppose {X l }°Z 1 G £ 2 . T/ien /or /arae TV 

R N (£,km) — ^km^k-nm 

where b^ m — > — oo as iV — > oo. TTiis can fee described as the Ricci curvature being 
negative infinity for any ieg. 

References 

[1] M. Adams, T. Ratiu, R. Schmid, 77ie Lie group structure of diffeomorphism groups and 
invertible Fourier integral operators, with applications, Infinite-dimensional groups with ap- 
plications (Berkeley, Calif., 1984), 1-69, Math. Sci. Res. Inst. Publ., 4, Springer, New York, 
1985. 

[2] R. Cianci, Infinitely generated supermanifolds, super Lie groups and homogeneous superman- 
ifolds, Symmetries in science, III (Vorarlberg, 1988), 147-162, Plenum, New York, 1989. 

[3] J. Czyz, On Lie supergroups and superbundles defined via the Baker- Campbell- Hausdorff 
formula, J. Gcom. Phys. 6, 1989, no. 4, 595-626. 

[4] Pierre de la Harpe, Classical Banach-Lie algebras and Banach-Lie groups of operators in 
Hilbert space, Lecture Notes in Mathematics, 285, Springer- Verlag, Berlin-New York, 1972. 

[5] B. Driver, A Cameron- Martin type quasi-invariance theorem for Brownian motion on a 
compact Riemannian manifold, J. Funct. Anal. 110, 1992, no. 2, 272—376. 

[6] B. Driver, A Cameron- Martin type quasi-invariance theorem for pinned Brownian motion 
on a compact Riemannian manifold, Trans. Amer. Math. Soc, 342, 1994, no. 1, 375-395. 

[7] B. Driver, Towards calculus and geometry on path spaces, Stochastic analysis (Ithaca, NY, 
1993), Proc. Sympos. Pure Math., 57, 1995, pp. 405-422, Amer. Math. Soc, Providence, RI. 

[8] B. Driver, T. Lohrenz, Logarithmic Sobolev inequalities for pinned loop groups, J. Funct. 
Anal., 140, 1996, pp. 381-448. 

[9] B. Driver, Y. Hu, On heat kernel logarithmic Sobolev inequalities, booktitlc=Stochastic anal- 
ysis and applications (Powys, 1995), pp. 189—200, World Sci. Publishing, River Edge, NJ, 
1996. 

[10] B. Driver, Integration by parts and quasi-invariance for heat kernel measures on loop groups, 
J. of Funct. Anal., 149, 1997, no. 2, 470-547. 



RIEMANNIAN GEOMETRY OF INFINITE-DIMENSIONAL LIE GROUPS 



23 



B. Driver, Integration by parts for heat kernel measures revisited, J. Math. Pures Appl. (9) 
76, 1997, no. 8, 703-737. 

B. Driver, A correction to the paper: "Integration by parts and quasi-invariance for heat 
kernel measures on loop groups", J. Funct. Anal., 155, 1998, pp. 297-301. 
B. Driver, Analysis of Wiener measure on path and loop groups, Finite and infinite- 
dimensional analysis in honor of Leonard Gross (New Orleans, LA, 2001), Contemp. Math., 
317, pp. 57-85, Amer. Math. Soc., Providence, RI, 2003. 

E. B. Dynkin, Calculation of the coefficients in the Campbell- Hausdorff formula, Doklady 
Akad. Nauk SSSR, 57, 1947, 323-326. 

E. B. Dynkin, On the representation by means of commutators of the series \og(e x e y ) for 
noncommutative x and y, Mat. Sbornik N.S., 25(67), 1949, 155-162. 

S. Fang, Metrics 3< s and behaviours as s I 1/2 on loop groups, J. Funct. Anal., 213, 2004, 
440-465. 

S. Fang, Ricci tensors on some infinite- dimensional Lie algebras, J. Funct. Anal., 161, 1999, 
pp. 132-151. 

D. Freed, The geometry of loop groups, J. Differential Gcom., 28, 1988, pp. 223-276. 

M. Fukushima, Dirichlet forms and Markov processes, 1980, North-Holland Mathematical 
Library, 23. 

H. Glockner, Algebras whose groups of units are Lie groups, Studia Math. 153, 2002, no. 2, 
147-177. 

H. Glockner, Infinite-dimensional Lie groups without completeness restrictions, Geometry 
and analysis on finite- and infinite-dimensional Lie groups, 43—59, Banach Center Publ., 55, 
Polish Acad. Sci., Warsaw, 2002. 

H. Glockner, Lie group structures on quotient groups and universal complexifications for 

infinite- dimensional Lie groups, J. Funct. Anal. 194, 2002, no. 2, 347-409. 

H. Glockner, Direct limit Lie groups and manifolds, J. Math. Kyoto Univ. 43, 2003, no. 1, 

2-26. 

M. Gordina, Holomorphic functions and the heat kernel measure on an infinite- dimensional 
complex orthogonal group, Potential Analysis Volume, 12, 2000, pp. 325-357. 
M. Gordina, Heat kernel analysis and Cameron- Martin subgroup for infinite- dimensional 
groups, J. Func. Anal., 171, 2000, pp. 192-232. 

M. Gordina, Taylor map on groups associated with a II\-factor, 2002, Infin. Dimcns. Anal. 
Quantum Probab. Relat. Top., 5, 93—111. 

M. Gordina, Stochastic differential equations on noncommutative I? , 2003, Contemp. 
Math., Amer. Math. Soc, Providence, RI 317, 87-98. 

E. Hsu, Stochastic analysis on manifolds, Graduate Studies in Mathematics, 2002, American 
Mathematical Socicty,38. 

E. Hsu, Analysis on path and loop spaces, Probability theory and applications (Princeton, 
NJ, 1996), 277-347, IAS/Park City Math. Ser. 6, Amer. Math. Soc, 1999. 
E. Hsu, Estimates of derivatives of the heat kernel on a compact Riemannian manifold, Proc. 
Amer. Math. Soc. 127, 1999, no. 12, 3739-3744. 

E. Hsu, Quasi-invariance of the Wiener measure on the path space over a compact Riemann- 
ian manifold, J. Funct. Anal. 134, 1995, no. 2, 417-450. 

E. Hsu, Flows and quasi-invariance of the Wiener measure on path spaces, Stochastic analysis 
(Ithaca, NY, 1993), 265-279, Proc. Sympos. Pure Math., 57, Amer. Math. Soc, 1995. 
A. Kriegl, P. Michor, Regular infinite- dimensional Lie groups, J. Lie Theory 7, 1997, no. 1, 
61-99. 

M. Lazard, J. Tits, Domaines d'injectivite de V application exponentielle (French), Topology 
4, 1965/1966, 315-322. 

L. Lempert, The problem of complexifying a Lie group, Multidimensional complex analysis 
and partial differential equations (Sao Carlos, 1995), 169—176, Contemp. Math., 205, Amer. 
Math. Soc, Providence, RI, 1997. 

J. Leslie, Some integrable subalgebras of the Lie algebras of infinite- dimensional Lie groups, 
Trans. Amer. Math. Soc. 333, 1992, no. 1, 423-443. 

P. Malliavin, Probability and geometry, Taniguchi Conference on Mathematics Nara '98, 179- 
209, Adv. Stud. Pure Math., 31, Math. Soc. Japan, Tokyo, 2001. 

J. Marion, T. Robart, Regular Frechet-Lie groups of invertible elements in some inverse 
limits of unital involutive Banach algebras, Georgian Math. J. 2, 1995, no. 4, 425-444. 



24 



MARIA GORDINA 



[39] J. Milnor, Curvatures of left invariant metrics on Lie groups, Advances in Math., 21, 1976, 
pp. 293-329. 

[40] J. Milnor, Remarks on infinite- dimensional Lie groups, Relativity, groups and topology, II 
(Lcs Houches, 1983), 1007-1057, North-Holland, Amsterdam, 1984. 

[41] L. Natarajan, E. Rodrigucz-Carrington, J. Wolf, The Bott-Borel-Weil theorem for direct limit 
groups, Trans. Amer. Math. Soc. 353, 2001, no. 11, 4583-4622. 

[42] L. Natarajan, E. Rodrigucz-Carrington, J. Wolf, Differentiable structure for direct limit 
groups, Lett. Math. Phys. 23, 1991, no. 2, 99-109. 

[43] L. Natarajan, E. Rodrigucz-Carrington, J. Wolf, New classes of infinite- dimensional Lie 
groups, Algebraic groups and their generalizations: quantum and infinite-dimensional meth- 
ods (University Park, PA, 1991), 377-392, Proc. Sympos. Pure Math., 56, Part 2, Amer. 
Math. Soc, Providence, RI, 1994. 

[44] L. Natarajan, E. Rodriguez-Carrington, J. Wolf, Locally convex Lie groups, Nova J. Algebra 
Geom. 2, 1993, no. 1, 59-87. 

[45] Karl-Hermann Neeb, Holomorphic highest weight representations of infinite- dimensional 
complex classical groups, J. Rcine Angew. Math. 497, 1998, 171-222. 

[46] Yu. A. Ncrctin, Categories of symmetries and infinite- dimensional groups, Translated from 
the Russian by G. G. Gould. London Mathematical Society Monographs. New Series, 16, 
Oxford Science Publications, The Clarendon Press, Oxford University Press, New York, 1996. 

[47] H. Omori, Y. Maeda, A. Yoshioka, O. Kobayashi, On regular Frechet-Lie groups. V. Several 
basic properties, Tokyo J. Math. 6, 1983, no. 1, 39-64. 

[48] A. Pressley, G. Segal, Loop groups, Oxford Mathematical Monographs, Oxford University, 
1986. 

[49] T. Robart, Croupes de Lie de dimension infinie. Second et troisieme theoremes de Lie. I. 

Croupes de premiere espece, (French. English, French summary) [Infinite-dimensional Lie 

groups. Second and third theorems. I. Groups of the first kind] C. R. Acad. Sci. Paris Ser. I 

Math. 322, 1996, no. 11, 1071-1074. 
[50] T. Robart, Sur I'integrabilite des sous-algebres de Lie en dimension infinie, (French. French 

summary) [On the integrability of infinite-dimensional Lie subalgcbras] Canad. J. Math. 49, 

1997, no. 4, 820-839. 

[51] T. Robart, Around the exponential mapping, Infinite dimensional Lie groups in geometry and 
representation theory (Washington, DC, 2000), World Sci. Publishing, River Edge, NJ, 2002, 
11-30. 

[52] I. Shigckawa, Differential calculus on a based loop group, in "New Trends in Stochastic 
analysis" (K. D. Elworthy, S. Kusuoka, I. Shigckawa, Eds.), pp. 375-398, 1997. 

[53] M. Spera, T. Wurzbachcr, Differential geometry of Grassmannian embeddings of based loop 
groups, Differential Geom. Appl., 13, 2000, pp. 43-75. 

[54] I. Shigckawa, S. Taniguchi, A Kdhler metric on a based loop group and a covariant dif- 
ferentiation, in Ito's stochastic calculus and probability theory, Springer, Tokyo, 1996, pp. 
327-346. 

[55] D. Stroock, An introduction to the analysis of paths on a Riemannian manifold, Mathemat- 
ical Surveys and Monographs, American Mathematical Society, Providence, RI, 2000. 

[56] S. Taniguchi, On Ricci curvatures of hypersurfaces in abstract Wiener spaces, J. Funct. Anal., 
136, 1996, 226-244. 

[57] F.-H. Vasilescu, Normed Lie algebras, Canad. J. Math. 24, 1972, 580-591. 
[58] W. Wojtynski, Quasinilpotent Banach-Lie algebras are Baker- Campbell- Hausdorff, J. Funct. 
Anal. 153, 1998, no. 2, 405-413. 

Department of Mathematics, University of Connecticut, Storrs, CT 06269, U.S.A. 
E-mail address: gordinaamath.uconn.edu 



